
Practice Problems – Midterm Exam 2


1. Let Y be a Bernoulli(p) random variable.

a. Find the probability generating function GY(z) for Y.

b. Prove that the probability generating function for a Binomial(n, p) random variable is G(z) = (pz + q)n.

c. Use the probability generating function in part (b) to find E[X].

2. Five cards are dealt from a standard deck of 52.  Find

a. the probability that the third card is an ace;

b. the probability that the third card is an ace given that the first two cards are not aces;

c. the probability of two or more aces.

3. Suppose rain is falling at an average rate of 30 drops per square inch per minute.  What is the chance that a particular square inch is hit by at least one raindrop during a given 10-second period?  What assumptions are you making?

4. A building has 15 floors above the basement.  If 12 people get into an elevator at the basement, and each chooses a floor at random to get out, independently of the others, at how many floors do you expect the elevator to make a stop to let out one or more of these 12 people?

5. A radioactive substance emits particles according to a Poisson process.  Assuming that the probability of no emissions in a one-second interval is 0.165, find

a. the expected number of emissions per second.

b. the probability of exactly two emissions in a one-second interval.

c. the probability of no emissions in a two-second interval.

d. the probability of at most two emissions in a four-second interval.

e. the probability that the 3rd emission occurs within 5 seconds.

6. Suppose that in a particular electronic item requiring a single battery, the mean life of the battery is 4 weeks, with a standard deviation of 1 week.  The battery is replaced by a new one when it dies, and so on.  Assume lifetimes of batteries are independent.  What is the probability that more than 26 replacements will have to be made in a two-year period, starting at the time of installation of a new battery, and not counting that new battery as a replacement?  [Hint:  Use the normal approximation to the distribution of the total lifetime of n batteries for a suitable n.]

7. Let Y be a random variable with probability P(Y = y) = (½)k, for k=1,2,3,...

a. Verify that this is a legitimate probability distribution.

b. Find P(Y is odd).
8. A grocery store is sponsoring a sales promotion where the cashiers give away one of the letters A, E, L, S, U, and V for each purchase.  If a customer collects all six (spelling VALUES), he or she gets $25 worth of groceries free.  What is the expected number of trips to the store a customer needs to make in order to get a complete set?  Assume the different letters are given away randomly and justify your answer.  That is, I want you to provide a detailed mathematical justification, not just a numerical answer.

9. A random variable U is uniformly distributed on {1, 2, ..., 10}.  Let X be the indicator of the event (U 5) and Y the indicator of the event (U is even).

a. Find E[X] and E[Y].

b. Are X and Y independent?

c. Find [(X+Y)2].
10. A random variable X has probability density function of the form
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a. Find the constant c.

b. Find P(X ( a) for 0 ( a ( 1.

c. Calculate E(X).

d. Calculate SD(X).

11. A particular counter records two types of particles, Types 1 and 2. Type 1 particles arrive at an average rate of 1 per minute, Type 2 particles at an average rate of 2 per minute. Assume these are two independent Poisson processes. Give numerical expressions for the following probabilities:

a. Three Type 1 particles and four type 2 particles arrive in a two-minute period;
b. The total number of particles in a two-minute period is 5;
c. The fourth particle arrives in the first 5 minutes. 
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